Abstract. We use pluri-potential theory to study the bifurcations of holomorphic families f f l g l A X of rational maps on P 1 or endomorphisms of P k . To this purpose we establish some formulas for Lð f l Þ and dd c Lð f l Þ where Lð f l Þ is the sum of the Lyapunov exponents of f l with respect to the maximal entropy measure. We show that the bifurcation current dd c Lð f l Þ both detects the instability of repulsive cycles and the interaction between critical and Julia sets.
Introduction
Potential theory has been introduced in one-dimensional holomorphic dynamics by Brolin and Tortrat ([6] , [32] ) but does not play a central role there. In higher dimension however, as the classical tools are not any longer e‰cient, pluri-potential theory has revealed itself to be essential. The fundamental works of Bedford-Smillie, Briend-Duval, Fornaess-Sibony, Hubbard-Papadopol (see [28] for precise references) enlighten the remarkable e¤ectiveness of pluri-potential theory in holomorphic dynamics on P k or C k . It is therefore natural to study the parameter spaces in a similar way. More precisely, one would like to relate the bifurcations of a holomorphic family f f l g l A X of endomorphisms of P k to the powers of a certain current on the parameter space X .
Let us recall that in dimension k ¼ 1, a bifurcation is said to occur at some point l 0 A X if the Julia set of f l does not move continuously around l 0 . The famous work of Mañé-Sad-Sullivan [18] , which is based on the l-lemma and the Fatou-Cremer-Sullivan classification, relates the bifurcations with the instability of the critical orbits. It also asserts that the bifurcations concentrate on the complement of an open dense subset of X (for the quadratic family fz 2 þ lg l A X ¼C the bifurcation locus is precisely the boundary of the Mandelbrot set).
Our first goal is to show that dd c Lð f l Þ, where Lð f l Þ denotes the sum of the Lyapunov exponents of f with respect to the maximal entropy measure, is a reasonable bifurcation current in any dimension. To this purpose, we prove the following theorem in Section 2.
Theorem 2.2. Given a holomorphic family f f l g l A X of endomorphisms of P k , the function Lð f l Þ, defined as the sum of Lyapunov exponents of f l for its maximal entropy measure, is pluriharmonic on X if the repulsive cycles of f l move holomorphically on X .
With the aim of analysing the support of dd c Lð f l Þ and its powers, we prove a formula which relates Lð f l Þ with the Green current of f and the current of integration on the critical set. This kind of idea goes back to Przytycki [24] , Bedford-Smillie [1] , and DeMarco [11] who respectively considered the cases of polynomial maps on C, polynomial di¤eomorphisms on C k and rational maps on P 1 . Our formula is new (even when k ¼ 1) and is obtained in a very natural way by integrating by part on a suitable line bundle. It may be stated as follows:
Formula (see Theorem 4.1).
Lð f Þ ¼
For a holomorphic family f f l g l A X , the above formula allows us to compute the bifurcation current dd c Lð f l Þ. We get the following synthetic statement:
Theorem (see Corollary 4.6) . Here, the operator dd c is acting on X Â P k , p is the canonical projection from X Â P k to X , g F l is the Green function of f l on P k associated to the lift F l and C X is the hypersurface of X Â P k defined by the equation det F 0 l ðzÞ ¼ 0.
It is worth emphasizing that there is a certain interaction between formulas (0.1) and (0.2), this may be seen in the example in Subsection 7.2 and in the Appendix (see formula (7.4)). Moreover, formula (0.2) is formally equivalent to the equation of geodesics on the space of Kähler metrics on P k ; this leads to some examples of such geodesics, as discussed in Subsection 7.1.
These results are established in Section 4 but we treat the case of dimension k ¼ 1 separately in Section 3, since it is technically less involved and may help the reader to a better understanding. Let us also mention that in the one-dimensional case we get several explicit formulas for Lð f Þ (see Theorem 3.1). Moreover, our approach o¤ers a new and much simpler proof of a formula previously obtained by DeMarco's ( [11] ). The equivalence between DeMarco's formula and ours is a consequence of the following identity which may be of independent interest (see Proposition 4.8 for a statement on P k ):
We recall here that DeMarco also used her formula to show that the current dd c Lð f l Þ is the current of bifurcation in the sense that its support coincides with the set of instability of the critical orbits (see [10] ).
Sections 5 and 6 are devoted to the study of bifurcations for holomorphic families f f l g l A X of rational maps of P 1 . For such a family f f l g l A X , we show that the bifurcation currents À dd c Lð f l Þ Á p detect the existence of p distinct neutral cycles. In order to precisely state our results, we need to define certain complex hypersurfaces in the parameter space X . For y A RnZ, the set of all l A X such that f l has a periodic point of period n and multiplier e 2ipy is generically a complex hypersurface of X , denoted by PerðX ; n; e 2ipy Þ. Therefore, for n fixed, S y PerðX ; n; e 2ipy Þ can be thought as a real hypersurface foliated by complex hypersurfaces.
We first establish that the union Z 1 ðX Þ of all these hypersurfaces is dense in the support of the bifurcation current dd c Lð f l Þ:
This property may also be seen as a consequence of Mañé-Sad-Sullivan theory and DeMarco's work. Our presentation however only exploits the links between the vanishing of dd c L, the motion of repulsive cycles and the stability of critical orbits. These links are revealed by formula (0.1) (see also [10] ) and the above quoted Theorem 2.2. As it is explained in details in Section 5, this point of view yields to a purely potential-theoretic proof of the Mañé-Sad-Sullivan theorem.
For the powers of dd c Lð f l Þ the geometry is more involved. Taking all possible intersections between p of the above complex hypersurfaces one gets a large family of codimension p subvarieties of X ; the union of this family, denoted by Z p ðX Þ, satisfies:
In section 6, we introduce a bifurcation measure on the family In particular, this reproves the existence of mappings having 2d À 2 neutral cycles and shows that non-flexible Lattès maps are generating quite complicated bifucations (see [27] ).
Preliminaries
In all the paper o denotes the Fubini-Study form in P k and k k the Hermitian norm in C kþ1 .
The spaces
More precisely, there exists a homogeneous polynomial map F which is non-degenerate (F À1 f0g ¼ f0g) and such that p F ¼ f p, where C kþ1 nf0g ! p P k is the canonical projection. The degree d of F is, by definition, the algebraic degree of f , while d k is the topological degree of f . In the following it will always be assumed that d f 2.
Since a homogeneous polynomial of degree d in k þ 1 variables depends on ðd þ kÞ! d!k! coe‰cients, such a lift F ¼ ðF 0 ; . . . ; F k Þ can be identified with an element of C Nþ1 , where
With this identification, the space of all homogeneous, nondegenerate, polynomial maps of degree d on C kþ1 is an open subset of C Nþ1 which we denote by
is the space of all holomorphic endomorphisms of P k of degree d, which we denote by
The following proposition shows that the complement of
Proposition 1.1. Let F 0 ; . . . ; F k , be homogeneous polynomials of degree d, in k þ 1 complex variables. There exists a unique polynomial ResðF 0 ; . . . ; F k Þ in the coe‰cients of F 0 ; . . . ; F k , which is homogeneous of degree ðk þ 1Þd k , irreducible, and such that: 
and the functional equation
In the definition of G F , the norm k k may be replaced by any continuous gauge function.
(ii) The function G F ðzÞ is Hölder-continuous on every compact subset of
Proof. (i) Let N be any continuous gauge function on C kþ1 . Let K be a compact subset of H d ðC kþ1 Þ and C > 1 be a constant such that
Then, by homogeneity we have ; EF A K; Ez A C kþ1 nf0g:
(ii) The Hö lder continuity in z has been established by ). Inspecting the proof and taking into account the continuity of G F ðzÞ in ðF ; zÞ, it is not hard to see that the constants might be chosen uniformly in F (see [28] , Théorème 1.7.1 and Remarque
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Bassanelli and Berteloot, Bifurcation currents in holomorphic dynamics on P k 1.7.2). More precisely, for any compact K Â K H H d ðC kþ1 Þ Â ðC kþ1 nf0gÞ there are constants C > 0 and 0 < a < 1 such that
We will show how this property may be transferred to F . We may assume that fG F ¼ 0g H K for every F A K. Let us pick F ; F 0 A K and consider the gauge function N 0 :¼ e G F 0 . By the Hö lder-continuity of G F 0 we have
Taking log, dividing by d n and making n ! y, this yields (as
which will also be called a Green function of F :
Green currents and measures
Þ be a lift of f . One defines a closed, positive ð1; 1Þ-current T f on P k by setting
As (1.3) shows, T f may equivalently be defined by 
The Green measure m f of f is defined by
Bassanelli and Berteloot, Bifurcation currents in holomorphic dynamics on P k It is a probability measure with respect to which f has constant Jacobian: [5] have shown that m f is the unic maximal entropy measure of f .
It will also be useful to consider the probability measures m and
These measures are respectively supported by fk k ¼ 1g and fG F ¼ 0g; they are related to o k and m f by
We shall denote by LðF Þ the sum of Lyapunov exponents of F with respect to m F and by Lð f Þ the sum of Lyapunov exponents of f with respect to m f . The following facts hold:
Þ, as it has been proved in the larger setting of polynomial like mappings (see [12] ). The main interest of endowing O P k ðDÞ with such a metric is to produce a very useful formula for LðF Þ. To this purpose we will denote by J F the holomorphic section induced by det
Green metric on
Then we have the following lemma:
with the canonical and the Green metrics. Then the following identities occur:
logkJ F pkm F and the conclusion
(2) We proceed in the same way, using the fact that log þ k k identically vanishes on the support of m and
A current detecting the holomorphic motion of repulsive cycles
Let f f l g l A X be a holomorphic family of endomorphisms of P k parametrized by a complex manifold X . The p.s.h. function LðlÞ ¼ Lð f l Þ given by the sum of Lyapunov exponents of f l , provides a closed, positive ð1; 1Þ-current dd c L on X . In this section, we will show that dd c L vanishes if the repulsive cycles of f l move holomorphically. Let us precisely state what we mean by this holomorphic motion.
Definition 2.1. The repulsive cycles of period n of f f l g l A X move holomorphically over an open subset U of X if and only if there exists a collection of holomorphic mappings a n; j : U ! P k such that, for any l A U, the set of n-repulsive cycles is given by fa n; j ðlÞg.
Our result may be stated as follows:
Theorem 2.2. Let ð f l Þ l A X be a holomorphic family of endomorphisms of P k with algebraic degree d. If all repulsive cycles of f l of period n f n 0 move holomorphically on some open subset U of X then the sum Lð f l Þ of Lyapunov exponents of f l is pluriharmonic on U.
In dimension k ¼ 1, it is well known that the Julia set of f l depends continuously on l A U if and only if the repulsive cycles of su‰ciently high order of f l move holomorphically on U (see [20] , Theorem 4.2).
Although such a phenomenon is far from being clear in higher dimension, the above result clearly motivates the introduction of dd c L as a bifurcation current.
Proof. We may assume that U is a small ball on which f f l g l A U lifts to some holomorphic family fF l g l A U . Then it is not hard to see that the set of n-repulsive cycles of F l is given by fa n; j ðlÞ; l A Ug where the maps a n; j : U ! C kþ1 are holomorphic. The number of elements of fa n; j ðlÞ; l A Ug does not depend on l and will be denoted by N n .
By a theorem of Briend-Duval (see [4] , Theorem 2), the Green measure m F l of F l is the weak limit of a sequence of discrete measures:
It is therefore natural to consider the sequence of pluriharmonic functions
À a n; j ðlÞ Á and to compare it with LðlÞ :¼ Ð
However, as the function logjdet F 0 l j is unbounded, this comparison is not immediate. As we shall see, the fact that the measures p Ã m F l have local a-Hö lder potentials is essential to overcome this di‰culty.
Let us now enter into details and, to this purpose, fix a few notations. The Green function of F l will be denoted by G l and for any e > 0 we set
We shall call d n; j ðlÞ the holomorphic function det F 0 l À a n; j ðlÞ Á and introduce the following sequence of discrete measures:
logjd n; j ðlÞjd a n; j ðlÞ :
l -fixed points a n; j ðlÞ belong to fG l ¼ 0g and thus, according to our notations, we have
l; e Þ: ð2:1Þ
We now fix l 0 A U, a unit vector z 0 A C N nf0g and r > 0 such that u y :¼ l 0 þ re iy z 0 belongs to U for every y A R. Since the functions L n ðlÞ are pluriharmonic on U, the identity (2.1) may be rewritten as Then lim
MðeÞ ¼ 0 and in particular MðeÞ e 1 for 0 < e e e 0 .
Let us observe that the functions d n; j ðlÞ are uniformly locally bounded. This follows from the continuity of G l ðzÞ and the previous observation that fa n; j ðlÞg H fG l ¼ 0g. According to our notations we have 1 2p
logjd n; j ðu y Þj1 fjd n; j jeeg ðu y Þ dy ð2:3Þ
where P j 0 indicates that we only consider the terms for which inf y jd n; j ðu y Þj e e. By the Fact, all these terms satisfy jd n; j ðu y Þj e MðeÞ e 1 for e e e 0 and ju y À l 0 j e r. In particular, 1 2p
Finally, as jd n; j ðl 0 Þj e MðeÞ e 1 for all terms in P j 0 , we have 1 N n P j 0 logjd n; j ðl 0 Þj f 1 N n P j logjd n; j ðl 0 Þj1 fjd n; j jeMðeÞg ðl 0 Þ ¼ L n; l 0 ðW l 0 ; MðeÞ Þ and the conclusion follows. r Proof of Lemma 2.4. Let us denote by log e x an increasing smooth function on ½0; þy½ such that log e x f 2 log e for 0 e x < e < 1 and log e x ¼ log x for x f e. Then 0 e L n; l ðW
e cst e aa (see [28] , proof of Theorem 1.7.3). Thus, for n big enough, log e jdet F 0 l jm F l e Àcst e aa log e and the conclusion follows by making e ! 0. r
Formulas for the Lyapunov exponent of a rational function
In this section we establish some formulas which relate the Lyapunov exponent Lð f Þ of a rational function f to its critical points. As a consequence, we observe that the function Lð f Þ depends Hö lder-continuously on f . Theorem 3.1. Let f be a rational function of degree d and F be one of its lifts to C 2 . The Lyapunov exponent Lð f Þ of f is given by one of the following formulas:
c j 5z one has:
Proof. Let us start with the first formula. We know that Lð f Þ þ log d ¼ LðF Þ. We shall use the formalism introduced in the Subsection 1.5. By the first assertion of Lemma 1.4 and the definition of m f we have
After an integration by parts (see next section for a careful justification) the identity (3.1) yields 211 Bassanelli and Berteloot, Bifurcation currents in holomorphic dynamics on
Àð2dÀ2Þg F k Á k 0 we may rewrite the last integral in (3.3) as:
g F o and this gives our first formula.
In order to establish the second formula, we simply transform the first one by using the second assertion of Lemma 1.4.
Let us finally prove the third formula. Picking U j A Uð2; CÞ such that
On the other hand, Ð
to replace these identities in the second formula. r
The usefulness of our formulas consists in the fact that the function BðF Þ :¼ Ð
This important property will easily be checked by considering the formulas for both f and f 2 . Indeed, since Lð f 2 Þ ¼ 2Lð f Þ, G F 2 ¼ G F and (consequently) BðF 2 Þ ¼ BðF Þ, one will immediately obtain a pluriharmonic expression for BðF Þ by comparison.
Using the third formula of Theorem 3.1 and Theorem 3.2 we get the following corollary, previously obtained by DeMarco (see [11] ). It allows to relate the pluriharmonicity of LðF Þ with the stability of the dynamics of critical points. As we shall see in Section 5, this is a key point when approaching the Mañé-Sad-Sullivan theory via potential-theoretic methods. Using Proposition 1.2 (ii), one also reads on the third formula of Theorem 3.1 that the Lyapunov exponent LðF Þ is an Hö lder-continuous function in F . The continuity was first proved by Mañé [19] . Proof of Theorem 3.2. We may consider a local holomorphic parametrization
We shall denote by f l the induced map on P 1 and set BðlÞ :¼ BðF l Þ. There exists an analytic subset A of U such that, for any l A UnA, the critical points of f l consist in 2d À 2 distinct, regular values of f l . As the function BðF Þ is locally bounded, it su‰ces to show that it is pluriharmonic on any su‰ciently small ball contained in UnA.
On 
:
We are now in order to use the third formula of Theorem 3.1 for f
On the other hand, for f l , the same formula gives:
By comparison we thus obtain 2BðlÞ þ 1 ¼ 1 
4.
A formula for the sum of Lyapunov exponents of holomorphic endomorphisms of P k Our aim here is to generalize the results of the previous section to endomorphisms of P k . We first establish a formula which relates the sum of the Lyapunov exponents Lð f Þ with the Green current and the current of integration on the critical set. This extends Theorem 3.1 (i). We then generalize Theorem 3.2 and, in particular, obtain an intrinsic expression for dd c L.
Theorem 4.1. Let f be a holomorphic endomorphism of P k of algebraic degree d f 2. Let F be one of the lifts of f to C kþ1 and T f ¼ dd c g F þ o be the Green current of f . Then the sum of the Lyapunov exponents Lð f Þ of f is given by:
Proof. According to Lemma 1.4 we have
Let us start by showing that
To this purpose we first note that each term in the above sum is finite (this follows immediately from the Chern-Levine-Nirenberg inequalities) and then we observe that
We shall now use the following integration by part property which will be proved separately.
Fact. For 0 e j < k,
This allows us to transform the identity (4.4) and get:
Next, by the Poincaré-Lelong equation
Finally, as k k G ¼ e Àðkþ1ÞðdÀ1Þg F k k 0 , we may replace the last integral in (4.6) by Ð
and this immediately yields to the expected formula. r It remains to establish the Fact. We shall proceed by regularization and use the following lemma.
Lemma 4.2. Let ff n g n A N
Ã be a decreasing sequence of increasing smooth convex functions on R such that:
Let log n x be defined by log n x :¼ f n ðlog xÞ. Then flog n kJ F k 0 g n A N Ã is a decreasing sequence of smooth functions which converges to logkJ F k 0 and such that dd c log n kJ
The proof is a straightforward computation and we omit it.
Proof of the Fact. Using the relation k k G F ¼ e Àðkþ1ÞðdÀ1Þg F k k 0 , we get:
Lemma 4.2 allows us to use monotone convergence theorem ( [28] , Theorem A.6.2), thus
Our aim now is to compute dd c Lð f l Þ when f f l g l A X is a holomorphic family of endomorphisms of P k . We need the following technical proposition which will be proved in the Appendix. Let us recall that, for a ðk; kÞ-current R on X , slicing is characterized (for a.e. y A Y ) by the following identity:
for every smooth ðn; nÞ-form f on Y and for every smooth and compactly supported ðm À n À k; m À n À kÞ-form c on X (here i y : p À1 ðyÞ ! X is the inclusion).
Proposition 4.4. Let f f l g l A X be a holomorphic family of endomorphisms of P k such that there is a holomorphic lift fF l g l A X to C kþ1 . Then
where C X is the hypersurface of X Â P k defined by the equation det F 0 l ðzÞ ¼ 0 and p : X Â P k ! X is the canonical projection.
Remark. dd c g F l involves derivatives in both l A X and z A P k .
Proof. Let q ¼ dim C X , for a ðq À 1; q À 1Þ-form f with compact support on X we have
Since ½C f l is the slice of ½C X (see [30] , (10.4)), by means of the Proposition 4.3 the first integral is
By Poincaré-Lelong formula ½C X ¼ dd c logkJ F l k 0 þ ðk þ 1Þðd À 1Þo one sees that logkJ F l k 0 is almost plurisubharmonic and therefore locally summable. Thus the second integral is
But o kþ1 ¼ 0 on X Â P k and therefore, after summing up, we obtain:
Now we can also extend Theorem 3.2 to the k-dimensional case. We shall use the same device, that is to compare formulas for F l and F 2 l .
Theorem 4.5. The function BðF Þ is pluriharmonic on
As L is p.s.h. (see 1.4), it immediately follows from the above theorem and the formula given in Theorem 4.1 that H is also p.s.h.
Proof. Let us start with a claim:
Proof of the Claim.
Let C X be as above and denote by C 0 X the analogous critical set of the family f f 2 g F A X . Considering the map F :
As F 2 and F have the same Green function g F , Proposition 4.4 gives
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If moreover dim X ¼ 1, the following identity occurs on X Â P k :
Remark 4.7. As we have already noted, the operator dd c in the above formula involves derivatives in both l A X and z A P k ; thus the currentT T :¼ dd c g F l þ o is di¤erent from the Green current. The currentT T depends only on the family f f l g and not on the local lift fF l g; moreover it is positive on X Â P k since G F l ðzÞ is p.s.h. on X Â ðC kþ1 nf0gÞ (see Proposition 1.2). Using this current we may express the formulas of Corollary 4.6 in a synthetic way and avoid any reference to the lift fF l g, which in general is only defined locally:
and for one-parameter family:T
Proof of Corollary 4.6. From Proposition 4.4 and Theorem 4.5 we get the first statement.
We argue as in the proof of Proposition 4.4 (using again Proposition 4.3); choosing an open subset V H X such that there is a holomorphic family of lifts fF l g l A V , we have
Then, as in (4.5) we get 
Moreover, by Theorem 4.5, B is pluriharmonic on Taking a ! 0, one sees that the exponent must be 0 since jð0Þ 3 0. Thus
and j ¼ cst. r Let us point out that Proposition 4.8 can also be proved arguing on 
Proof. The Fubini-Study form o generates H 2NÀ2 ðP N ; RÞ and
where i : S d ! P N is the inclusion; therefore the map
is an isomorphism. Hence, from the exact sequence
Observe that S d is a euclidean neighbourhood retract (see [13] , Prop. IV. 
Proof. See Appendix.
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The bifurcation currents
In this section, we associate to any holomorphic family f f l g l A X in H d ðP 1 Þ a collection of bifurcation currents À dd c Lð f l Þ Á p where 1 e p e dim C X . Our main goal is to give a rather precise description of their supports and, more precisely, to compare them with the hypersurfaces consisting of mappings having neutral cycles. The extremal cases p ¼ 1 and p ¼ 2d À 2 are of special interest. For p ¼ 1, we recover Mañé-Sad-Sullivan work. For p ¼ 2d À 2, our description will become especially significant in the last section when introducing a bifurcation measure on the moduli space M d . Let us notice that we shall proceed by induction on p.
In order to state the results we must precise a few notations.
Definition 5.1. We will consider a holomorphic family f f l g l A X of elements of H d ðP 1 Þ parametrized by an arbitrary complex manifold X . We set D :¼ 2d À 2 and denote by LðlÞ the p.s.h. function on X defined by LðlÞ :¼ Lð f l Þ. Next we introduce the following subsets of X : R :¼ fl 0 A X ; the repulsive cycles of su‰ciently high period of f l move holomorphically on a fixed neighbourhood U 0 of l 0 g;
Þ is equicontinuous at l 0 g; PerðX ; n; e 2ipy Þ :¼ fl 0 A X ; f l 0 has a cycle of period n and multiplier e 2ipy g;
where y A 0; 1½:
It may happen that PerðX ; n; e 2ipy Þ is empty or coincides with X ; otherwise it is a hypersurface of X . The union of the irreducible components of codimension 1 of PerðX ; n; e 2ipy Þ will be denoted by Per 1 ðX ; n; e 2ipy Þ. For any dense subset E of 0; 1½, we set
Let us recall that the set R has been implicitly considered in Theorem 2.2, which may be stated as R X Suppðdd c LÞ ¼ j. Note also that, in the definition of S, the maps l ! f n l ðC f l Þ are considered as finitely valued holomorphic maps from X to P 1 .
Our description of Suppðdd c LÞ contains the famous Mañé-Sad-Sullivan theorem ( [18] ).
The originality here relies on the purely potential-theoretic nature of our proof (see Remark 5.4 below).
Theorem 5.2. Let E be a dense subset of 0; 1½. Let f f l g l A X be a holomorphic family of rational maps of degree d on P 1 . Then
Let us briefly sketch the proof before entering into details. The inclusion S c H Suppðdd c LÞ is a consequence of Corollary 3.3 and was already obtained by DeMarco ( [11] , Theorem 1.1) who actually proved the equality. The inclusion Suppðdd c LÞ H R c was proved in Theorem 2.2 (we recall that the main ingredient was the equidistribution of repulsive cycles). The inclusions R c H Z 1 ðX ; EÞ H S c are classical since Mañé-Sad-Sullivan work. Their proofs, which we reproduce here for sake of completeness, only use the elementary fact that any attractive basin contains at least one critical point.
S
c H Suppðdd c LÞ. Let W be an open ball in X on which L is pluriharmonic; we have to show that W H S. Shrinking W if necessary, we find a D-valued holomorphic map c j ðlÞ, we may assume that
In the same way, we may construct a sequence of D-homogeneous polynomials H n of the form
where h is a non-vanishing holomorphic function on W. We will see that for a good choice of h the coe‰cients of H n are uniformly bounded holomorphic functions on W. To this end, we introduce the solutionL L 0 of the Dirichlet-Monge-Ampère problem with datum L 0 on bB. The functionL L 0 is continuous on B, coincides with L 0 on bB and is p.s.h. maximal on B (see [2] ). By maximality,L L 0 f L 0 on B. We also consider the set
B where L 0 andL L 0 are e-close:
A theorem of Briend-Duval (see [4] or [28] , Theorem A.10.2) states that
where the constant C depends only on L 0 and B. It thus su‰ces to show that
The set Z p ðS; EÞ is a union of complex curves in S. Let A be one of these curves, then A is a component of Per p ðS; N p ; e 2ipY p Þ and is therefore contained in S X Per p ðU; N p ; e 2ipY p Þ; since S is an a‰ne subspace this is easy to check on the regular part of A. Thus the function L ¼ L 0 is, by assumption, harmonic on A X B. The functionL L 0 À L 0 is thus subharmonic on A X B and, by the maximum principle, vanishes identically. ThereforeL L 0 À L 0 vanishes on Z p ðS; EÞ X B.
Of course Suppðm
, which is, therefore, contained in S e . r
The bifurcation measure
In this section we define the bifurcation measure m on the moduli space M d of rational maps P 1 ! P 1 and we establish some basic results about it. Although the section is mainly devoted to the one-dimensional case, the fact that the bifurcation currents ðdd c LÞ p have finite mass on H d will be established in any dimension, that is in
The group PSLð2; CÞ of Mö bius transformations acts on the space
, i.e. Pð f 0 Þ A SuppðmÞ. For every small, euclidean, open ball B H V centered at f 0 there is a suitable constant c such that Lð f 0 Þ < c < Lð f Þ, for every f A B; so the function L jV À c does not take its minimum on B at the boundary, therefore (see [2] , Theorem A) it is not maximal, that is ðdd c L jV Þ 2ðdÀ1Þ does not vanish identically on B. r
In order to see that m has finite mass (see Proposition 6.6) we shall show that L extends from H d to the whole projective space across the hypersurface S d and that the powers of dd c L have finite mass on H d . Since these results hold for holomorphic maps P k ! P k , k f 1, we believe that it is useful to present them in this more general case.
First of all let us recall that 
Nþ1 be compact, let us check that H is bounded from above on
By definition (see (4.2)):
Then, as g F is locally bounded from above (see Remark 1.3), one concludes taking into account the following formulas: function on C Nþ1 . Thus Lð f Þ is well defined on the whole P N . Choosing a holomorphic section U ! s C Nþ1 nf0g on an open subset U of P N , we get Ef A U, Remark. We recall (see [31] ) that, by definition of trivial extension, S ð pÞ is the positive, closed, ðp; pÞ-current on P N characterized by
Proof. From (6.2) it follows dd c L e R, thus dd c L has finite mass on H d ðP k Þ and its trivial extension to P N is the positive, closed current S ð1Þ :
Now we shall argue by induction, assuming that the trivial extension S ð pÞ of À dd c ðL jH d Þ Á p to the whole P N is well defined (and, of course, positive and closed). There is a smooth, closed ð1; 1Þ-form a on P N such that S ð1Þ À a ¼ dd c u and, by means of the regularization theorem of Demailly ( [9] ), there are a sequence fu n g of smooth functions decreasing to u and a sequence fl n g of continuous functions decreasing to nðS ð1Þ ; :Þ, such that S n :¼ a þ dd c u n ! S ð1Þ and S n þ l n o f 0.
We can estimate the mass of S ð pÞ 5ðS n þ l n oÞ (which is a positive current) as follows:
Let us look at the right-hand side: the first term is constant, the second vanishes, the last is bounded. Therefore S ð pÞ 5ðS n þ l n oÞ has bounded mass and we can assume that it converges to a positive current Q.
Since L (and therefore H) is bounded from below on behaviour of dd c g F l þ o is very far from the desired regularity, but there is at least one case in which holomorphic dynamics may give interesting examples: let M ¼ P 1 and f f l g l A X be a family of flexible Lattès maps (see [23] , Ch. 8.3), then the functions g F l : P 1 ! R are smooth outside a finite set.
Attractors in P
2 .
Definition 7.1. Let f f l g l A X be a one parameter holomorphic family (i.e. X is an open subset of C) of endomorphisms of P k and let Y be a complex subspace of X Â P k of pure dimension q. We shall say that the Green function G l is maximal on Y if and only if, for every holomorphic section
Although the Green function depends on the choice of the lift of f l , the definition is well posed since dd c ðG l sÞ does not depend on the particular family of lifts
With this definition we can give the following formulation of Corollary 4.6: Proposition 7.2. Let f f l g l A X be a one parameter holomorphic family of endomorphisms of P k . Then G l is maximal on X Â P k . Moreover G l is maximal on C X if and only if Lð f l Þ is harmonic. Now we shall apply this proposition to a particular case. For e A C, consider the rational map P 2 ! P 2 defined by f e ¼ ½Pðz; wÞ : Qðz; wÞ : t d þ eRðz; wÞ where P, Q, R are homogeneous polynomials of degree d f 2 such that ðP; QÞ is non degenerate and the induced rational function f ¼ ½Pðz; wÞ : Qðz; wÞ is strictly critically finite. It is useful to consider the line R y :¼ ft ¼ 0g as the line at infinity of the complex plane C 2 F f½z : w : 1 A P 2 g. If a A R y , we shall denote by R a the line passing through the origin ½0 : 0 : 1 and a. The map f e preserves lines through the origin and moves them in a chaotic way, since f is chaotic, indeed identifying R y with P 1 we get f e ðR a Þ X R y ¼ f f ðaÞg.
For jej f 1 the only Fatou component is the superattractive basin of the origin (see [14] , Lemma 2.1). Moreover for jej f 1 the map f e has an attractor A contained in a neighbourhood of the line at infinity, which intersect any line passing through the origin (ibidem, Lemma 2.2).
Our aim is to show that, for jej f 1, the family f f e g is stable in the following sense:
The function e ! Lð f e Þ is harmonic in a neighbourhood of 0 A C. as a family of endomorphisms of R a . From Proposition 7.2 it follows that, for this family, the Green function is maximal on X Â R a . But all the powers of F e have the same Green function G F e . That is, for every section U ! s C 3 nf0g, the function G F e s is maximal on X Â ðU X R a Þ. for a suitable section s 0 and a holomorphic, never vanishing, function h, we get that G F e is maximal on X Â R c . Now we shall show that choosing V ¼ fjej f 1g, the function G F e is maximal on V Â R y . Let u A R y F P 1 be a periodic point for f (that is f j e ðR u Þ ¼ R u for some j). From the proof of Lemma 2.2 in [14] it follows that there is an open neighbourhood W of R y in P 2 such that, if jej f 1, then f e ðW Þ HH W ; thus the family f f n e ðuÞg n A N is normal in V (as functions of e). Therefore e ! G F e À sðuÞ Á is harmonic on V . That's enough since these points u are dense in R y . r 7.3. The bifurcation measure on M 2 . As we have already recalled the moduli space M 2 of the rational functions of degree 2 can be identified biholomorphically and in a canonical way with C 2 (see [21] , Remark 3.3). Such an identification involves the a‰ne structure since, for every h A C, PerðM 2 ; 1; hÞ is a straight line of C 2 . In particular, the Mandelbrot family fz 2 þ c; c A Cg coincides with the straightline PerðM 2 ; 1; 0Þ of rational functions with a superattractive fixed point. Proof. Since every f 0 A PerðM 2 ; 1; 0Þ has a superattractive fixed point, there is an open subset V , PerðM 2 ; 1; 0Þ H V H M 2 , such that every f A V has an attracting fixed point.
For every f A M 2 the number of attracting or indi¤erent cycles is e 2 (see [27] , Corollary 1), therefore V X Z 2 ðM 2 ; EÞ ¼ j. Thus from Theorem 5.5 it follows that V is disjoint from Suppðdd cL LÞ 2 ¼ SuppðmÞ. r Remark 7.5. Let us point out that it is not necessary to use Shishikura's result. First we can assume that if f A V , then the attractive fixed point depends holomorphically on f . Consider a holomorphic disc f f l g l A D contained in V X Per 1 ðM 2 ; n; e 2ipy Þ. and by means of an elementary computation
:5Þ Putting (7.4)-(7.5) in (4.2) we get the Claim. r Now putting (7.2) and the two claims in (4.1) we get
Now to finish it is enough to find C 1 ; for k ¼ 1 the map F is given by F ðz 0 ; z 1 Þ ¼ ðz 
